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Abstract— This paper proposes an automatic method
to design a fuzzy logic controller for the automated car
parking problem within the multi-objective evolution-
ary optimization framework, which requires three fac-
tors: an encoding scheme, design of evaluation criteria,
and design of evolutionary operations. Parameters of
antecedent membership functions and consequent pa-
rameter vectors are encoded into a chromosome so that
antecedent/consequent parameters and rule structure
of a fuzzy logic controller are optimized simultaneously
during evolution. Three optimization criteria are pro-
posed to find a set of good fuzzy logic controllers using
Pareto optimality. The proposed algorithm is applied
to the well-known car parking problem and produced a
Pareto set of fuzzy logic controllers that can control the
motion of a vehicle for automated parking. Each fuzzy
logic controller in the set has unique characteristics
and can be selected according to users’ preferences,
which is one of the major advantages of using the multi-
objective evolutionary optimization.

I. Introduction

Steering control of a vehicle system is important and
indispensable for the safety of drivers and passengers.
Parking a car is a typical example of such steering control.
Usually, man can perform steering control easily after
acquisition of appropriate experience without deep un-
derstanding about the vehicle. This fact reveals that an
intelligent control scheme such as fuzzy logic controller
and neural network controller will be effective to achieve
an automated vehicle control system. Thus, automated
vehicle control systems were designed using intelligent
control schemes such as fuzzy logic control [1] - [3], neural
networks (NNs) [4], neuro-fuzzy control [5], and so on.
Moreover, some researches stated that a fuzzy controller
from human experts’ knowledge is more preferable for this
kind of problem [6] - [8].

Including control applications, fuzzy logic controllers
have been widely applied to the various fields. They
can deal with the given problem effectively without any
mathematical description about the given problem. A
fuzzy logic controller consists of several IF-THEN rules,
which describes adequate control strategy for the given

problem in linguistic terms. Human experts’ knowledge
can build such fuzzy rules directly. In [2] [3], a fuzzy
logic controller is manually designed based on human
experimental knowledge.

However, such experts’ knowledge is not always avail-
able. Consequently, ’data-driven’ design of a fuzzy logic
controller have been studied for decades [2] [3] [9] [10].
Clustering algorithms, linear/nonlinear optimization algo-
rithms are examples of major tools for the data-driven
design.

Because a fuzzy logic controller can be specified by a
set of parameters, design of a fuzzy logic controller can
be formulated as a parameter search problem for which
evolutionary algorithms (EA’s) such as genetic algorithms
(GA’s) and evolution strategies (ES’s) have shown power-
ful effectiveness [10]. For example, evolutionary algorithms
tunes the parameters of membership functions (MFs) of
fuzzy logic controllers with fixed rule structure in [11] -
[14]. Because parameters and rule structure of fuzzy logic
controllers are co-dependent, simultaneous optimization of
ruls structure and parameters of a fuzzy logic controller
provides better solution [2] [15] [16].

Design a fuzzy logic controller using evolutionary algo-
rithms requires three factors: an encoding scheme which
represents a fuzzy logic controller by a chromosome, eval-
uation criteria which guide evolutionary search direction
to find better solution as evolution progresses, and design
of relevant evolutionary operators.

Especially, an encoding scheme should be efficient
enough so that MFs and rule structure can be evolved
simultaneously. Multi-objective evolutionary algorithms
can show better performance in finding good solutions
when there are more than two possibly conflicting and
noncommensurate evaluation criteria.

Thus, this paper proposes a method to design a fuzzy
logic controller design within the multi-objective evolu-
tionary algorithm framework. The proposed algorithm
mainly consists of a new encoding scheme and new eval-
uation criteria, i.e., fitness functions. The proposed en-
coding scheme helps to achieve simultaneous optimization



of rule structures and relevant parameters. Parameters
of antecedent membership functions and consequent pa-
rameter vectors are encoded into a chromosome so that
antecedent/consequent parameters and rule structure of a
fuzzy logic controller are optimized simultaneously during
evolution. The proposed fitness functions consist of three
objectives which finds a more compact and transparent
fuzzy logic controller based on Pareto optimality.

The remainder of the paper is as follows: Section II gives
a description about the automated car parking problem.
Section III explains design considerations when designing a
fuzzy logic controller with grid partitioning of input space.
Section IV proposes a new encoding scheme and new
fitness functions. Section V presents simulation results to
show the effectiveness of the proposed algorithm. Finally,
Section VI concludes the paper.

II. Automated Car parking problem

Fig. 1. Car parking problem.

Figure 1 depicts the model of the automated car parking
problem. Motion of the car is described by the following
equations [1] [2].

φ′(t) = φ(t) + vt/l tan(θ(t)), (1)

x′(t) = x(t) + vts cos(φ(t)), (2)

y′(t) = y(t) + vts sin(φ(t)), (3)

where φ(t) is the angle of the car with respect to the x
axis and θ(t) is the steering angle. x(t), y(t) represent
horizontal and vertical position of the rear end of the car,
respectively. l is the length of the car and ts is the sampling
time. v is linear velocity of the car which is assumed to be
constant value. In this paper, l = 3.0(m), v = 1.0(m/s),
and ts = 1.0(s).

In the automated car parking problem, initial posture
of a car is given as P (0) = (x(0), y(0), φ(0)). The goal
of the problem is to take the car in minimum time from
the initial posture to the desired location and orientation,
Pd = (xd, yd, φd). P (t) = (x(t), y(t), φ(t)) represents the

current posture of the car at time t, and Perr(t) =
(ex(t), ey(t), eφ(t)) = Pd − P (t) denotes errors in position
and orientation in time t. Thus, the goal becomes to
design a fuzzy logic controller that can reduces the errors
efficiently. In this paper, (ex(t) and eφ(t) are inputs of
a fuzzy controller and θ(t) is an output of the fuzzy
controller. Vertical position error is not considered as in
[1] - [5] with the assumption that the car is far from the
parking lot along the y direction.

III. Fuzzy Logic Controller

A typical fuzzy logic controller consists of several IF-
THEN rules where rule consequent values represents con-
trol efforts. Since there are two input variables for the
automated car parking problem, there are at most NR =
m1 × m2 fuzzy rules where m1 and m2 are the number
of MFs for horizontal positional error and car angle error,
respectively. Then, a fuzzy rule is described as follows:

Rk : IF ex is Aex
i and eφ is A

eφ

j then θk = wk

for k = 1, 2, · · · , NR (4)

where θk is the steering angle of the car for the kth rule,
and wk is real-valued consequent parameters of the kth
fuzzy rule. NR is the total number of available rule. Aex

i

(i = 1, 2, · · · ,m1) and A
eφ

j (j = 1, 2, · · · ,m2) denote the
ith and jth antecedent MFs for the both input variable,
respectively. Antecedent MFs, μAex

i
(ex), is described by a

Gaussian function as follows:

μAex
i

(ex) = exp
(−(ex − cex

i )2

(σex
i )2

)
(5)

where cex
i and σex

i are the center value and the width
value of the ith MF of the horizontal positional error,
respectively. Similar definition is made for the antecedent
MFs for the car angle error. As horizontal positional error
and car angle error change each fuzzy rule produces a rule
strength for the current input values. Rule strength of the
kth fuzzy rule, μk(x), is calculated as follows:

μk(ex,eφ) = μAex
i

(ex) × μ
A

eφ
j

(eφ) (6)

The fuzzy logic controller produces final control ŷ by
means of weighted mean defuzzification method as follows:

ŷ =
∑NR

k=1 μk(ex, eφ) · wk∑NR

k=1 μk(ex, eφ)
(7)

Design of a fuzzy logic controller is to find a set of
parameters for the fuzzy controller shown above. The
number of antecedent MFs for each input variable should
be determined, parameter values for each MF should
be adjusted, fuzzy rule consequent parameters should be
optimized, and a set of useful fuzzy rules should be selected
from the entire fuzzy rules for proper motion control of the
car. To resolve these issues, a new encoding scheme and
evaluation criteria are proposed in the next section.



IV. Proposed Algorithm

A. Encoding a fuzzy logic controller
Whenever solving a certain problem under the multi-

objective optimization framework, one of the most impor-
tant steps is to provide an efficient encoding method. In
this paper, this step corresponds to encoding a fuzzy logic
controller into a chromosome. The number of antecedent
MFs for both input variables are defined as m1 and m2 a
priori. Two real values are necessary for each antecedent
MF while optimization of consequent parameters and rule
selection is performed using m1 × m2 real values. A pth
individual, i.e., an encoded fuzzy model, is represented in
a vector form as follows:

sp(t) = [vex
1 vex

2 · · · vex
m1

v
eφ

1 v
eφ

2 · · · veφ
m2 w1 w2 · · ·wNR

] (8)

where vex
i = [cex

i , ωex
i ](i = 1, · · · ,m1) and v

eφ

j =
[ceφ

j , ω
eφ

j ](j = 1, · · · ,m2) represent the parameters(i.e.,
center and width) of the ith and jth antecedent MFs of
the horizontal positional error and the car angle error,
respectively. wk(k = 1, · · · , NR) is used for calculating
control output and rule selection and ranged [0.0 1.0]. If a
rule of which wk is less than predefined design parameter ε
then the rule is excluded from the rule base. Otherwise, wk

is normalized into control efforts as shown in the following
equation.

θk = θmax −
(

1 − wk

1 − ε

)
(θmax − θmin) (9)

where θmax and θmin are the maximum and the minimum
value for the steering angle.

B. Designing evaluation criteria
Given an encoding scheme, the next step is to evaluate

each fuzzy logic controller’s performance according to
appropriate criteria. Thus, three objective functions are
proposed in this paper considering control error, distribu-
tion of antecedent MFs, and compactness of fuzzy logic
controllers.

Because one of the most important objectives of au-
tomated car parking problem is to park the vehicle at
the desired position with desired pose, in several previous
approaches [1] [2], this objective is usually defined consid-
ering errors as follows:

f1
err(sp) =

∑
k

(|ek
x| + |ek

φ|
)
, (10)

where k represents the time index. Also, there was different
objective function which gives more penalty for the steady-
state errors as shown in the following equation [5].

f2
err(sp) =

∑
k

(
((ek

x)2 + 1)((ek
φ)2 + 1)k

)
. (11)

As shown in the last term of the Eq. (11, k operates as
a weighting error values as time increases.

A new objective function is proposed for evaluating the
error between current and desired position and orientation
by compromising f1

err and f2
err as in the following equa-

tion.

ferr(sp) =
∑

k

√
k

(
wx(ek

x)2 + wφ(ek
φ)2

)
, (12)

where wx and wφ are weight for scaling the error of
position and posture. In this paper, wx = 0.5 and wφ = 1.

The second objective is related to the distribution of
antecedent MFs of a fuzzy logic controller for better
interpretability [16].

fintr(sp) = 0.5 · (1.0 − 1
NI

NI∑
i=1

1
N i

ov

Ni
ov∑

h=1

λih

|χi| ) (13)

+ 0.5 · (1.0 − 1
NI

NI∑
i=1

1
N i

co

Ni
co∑

h=1

γih

|χi| )]

where λih represents the length of overlap at the prede-
fined level ξD between two MFs of the ith input while γih

the length of gap at the predefined level ξC between two
MFs of the ith input. χi is the length of the ith input
universe of discourse. NI represents the number of input
and is 2. N i

ov and N i
co represent the number of calculating

the length of overlap and the length of gap for the ith
input, respectively. This objective function is useful to
preserve the distinguishability of antecedent MFs.

The third objective function considers the compactness
of a fuzzy logic controller. The compactness of a fuzzy logic
controller is measured by the ratio between the actually-
being-used number of fuzzy rules by a specific individual
and the maximum number of rules pre-determined. The
measure for the compactness of a fuzzy model is defined
as follows [16]:

fcomp(sp) =
Np

R

NR
, (14)

where Np
R is the actual number of fuzzy rules that the pth

individual uses.
In addition to these three fitness function, a penalty

function is used heuristically to prevent a solution of which
error is far bigger than predefined error emax and defined
as follows:

fpen(sp) =
{

Pmax, if ferr(pi) > emax

0, otherwise , (15)

where Pmax is the penalty value given for the violated pth
individual.

C. Assigning fitness value

The multi-objective optimization problem is to find the
point x = (x1, . . . , xn) which optimizes the values of a set
of objective functions f = (f1, . . . , fm) within the feasible



region of x [17]. For two arbitrary individuals a, b ∈ P. It
is said that a dominates b, denoted by a � b, if and only
if:

fi(a) ≤ fi(b), ∀ i = {1,. . .,m},

with at least one strict inequality. Every individual that
is not dominated by any other individual are called non-
dominant set or Pareto-optimal set. For the car parking
problem, a set of objective functions is defined as f =
(ferr, fintr, fcomp). fpen should also be considered. If
fpen(x) �= 0, the individual (x) is not feasible so that
it should be dealt as an unfeasible solution. Pareto-based
approach is used to find non-dominant set. The definition
which has been mentioned above for the Pareto-optimality
is adjusted to detect the non-dominant individuals as
shown in the following equation An individual a cannot
be a member of the non-dominant set if and only if

∃b ∈ P (iff b �= a),
fi(a) + fpen(a) ≤ fi(b) + fpen(b), ∀ i = {err, intr comp},

with at least one strict inequality.
In this case, only if there is no individual b satisfied

with the above condition at all, individual a can become
a member of the non-dominant set. After the individuals
of the non-dominant set are evaluated, the individuals of
the population set are also evaluated. The penalty fitness
values of the individuals are used once more to guarantee
that the solution does not violate the penalty constrains.
Thus, the required condition is more strengthened. After
all, the

Feasible individuals with a penalty value that is equal
to zero are obtained. Those individuals become members
of the non-dominant set, NP. The fitness assignment of
individual x ∈ NP is as follows:

f(x) =
nc(x)
Np + 1

+ fpen(x) (16)

where nc(x) represents the number of individuals which
the individual x dominates in set P. Np is the number of
individuals in P .

Figure 2 describes the fitness assignment for the non-
dominant individuals. The fitness assignment of individual
y ∈ P is given by:

f(y) = 1 +
∑
x�y

f(x) + fpen(y) (17)

The maximum number of non-dominated solutions are
defined as Nnondom a priori. To prevent the number of non-
dominated solutions from exceeding Nnondom, clustering
algorithm is used [17] [18].

Fig. 2. The example of fitness assignment in P for the minimization
problem.

V. Simulation

A. Parameter setting

In this section, simulations results are presented. As
mentioned previously, the motion of a car is described
by Eqs. (1)-(3). The linear velocity of car, v, is assumed
constant and set as 0.5(m/s) in this paper. As shown in
Table I, the constants and ranges of the other parameters
are defined initially. ε in Eq. (9) was set to 0.5. ξD and ξC

were 0.8 and 0.1, respectively. Predefined number of MFs
for each input variable is five. Thus, a fuzzy controller
can use up to 25 fuzzy rules. Population size was 50.
After 500 generations, the evolution finishes. Nnondom was
20.Evolutionary operators are similar to those used in [15]
while the evolution framework follows that of [17] [19].
Table II defines the initial and desired information of the
position and posture of the car model.

B. Simulation results

The proposed algorithm produced Ndondom fuzzy logic
controllers which can perform the automated car parking
efficiently. Among these solutions, Fig. 3 describes the
trajectories of the car controlled by eight fuzzy controller.
Figure 5 represents the optimized MFs for the first fuzzy
logic controller. As shown in Fig. 3, the first fuzzy logic
controller shows better trajectory than the last one while
using more rules than the last one. The first fuzzy con-
troller uses six rules shown below, which achieves the
given task. It means that among 25 fuzzy rules, this fuzzy
logic controller which uses only six fuzzy rules were able
to achieve the given car parking task with corresponding
optimized MFs. In the fuzzy rules obtained, consequent
parameters is decoded into actual steering angle using Eq.
(9). For example, θ = 0.87 is equal to ‘steering angle is 24
degrees’.

R1 : IF ex is Aex
1 and eφ is A

eφ

3 then θ1 = 0.63
R2 : IF ex is Aex

2 and eφ is A
eφ

1 then θ2 = −0.72
R3 : IF ex is Aex

3 and eφ is A
eφ

2 then θ3 = 0.10
R4 : IF ex is Aex

3 and eφ is A
eφ

3 then θ4 = 0.76



TABLE I

Constants and ranges in a simulation

Parameters value

v 0.5 m/sec
l 3.0 m
ts 0.1 sec
ex -50 to +50 m
eφ -180 to 180 deg
θ -50 to +50 deg

TABLE II

Initial and desired posture of the car

Test conditions value

(x0, φ0) (5.0(m), 270(deg))
(x1

d, φ1
d) (1.0(m), 315(deg))

(x2
d, φ2

d) (1.0(m), 22.5(deg))
(x3

d, φ3
d) (1.0(m), 90(deg))

Maximum Time 2 min

R5 : IF ex is Aex
4 and eφ is A

eφ

2 then θ5 = 0.76
R6 : IF ex is Aex

4 and eφ is A
eφ

3 then θ6 = −0.30

The last controller of Fig. 3 uses only 5 rules among 25
rules as follows:

R1 : IF ex is Aex
1 and eφ is A

eφ

1 then θ1 = −0.66
R2 : IF ex is Aex

1 and eφ is A
eφ

3 then θ2 = −0.33
R3 : IF ex is Aex

2 and eφ is A
eφ

3 then θ3 = 0.76
R4 : IF ex is Aex

3 and eφ is A
eφ

2 then θ4 = 0.76
R5 : IF ex is Aex

3 and eφ is A
eφ

3 then θ5 = 0.76

Distribution of the antecedent MFs of the last fuzzy
logic controller and parameters of the MFs are shown in
Fig. 4 and in Table IV, respectively.

VI. Conclusion

This paper proposed an automatic method to design a
fuzzy logic controller for the automated car parking prob-
lem within the framework of multi-objective evolutionary
algorithm. The proposed algorithm mainly consists of a
new encoding scheme and new evaluation criteria. The
parameters of antecedent MFs, the number of fuzzy rules,
and consequent parameters are explicitly represented in
the chromosome, a population of which evolves to optimize
the rule structure as well as parameters of MFs simulta-
neously. The proposed fitness functions consist of three
objectives which helps to find compact and interpretable
fuzzy logic controllers with good control performance
based on Pareto optimality. Simulation results shows that
the proposed algorithm was able to find a set of fuzzy
logic controllers which are adequate for the automated car
parking problem.

Fig. 3. The resulting eight trajectories of the car controlled by one
of the obtained fuzzy logic controller.

TABLE III

Center and width of MFs shown in Fig. 4

MF Center Width

Aex
1 0.96 (m) 1.68 (m)

Aex
2 -1.49 (m) 2.40 (m)

Aex
3 0.30 (m) 1.58 (m)

Aex
4 3.26 (m) 2.46 (m)

A
eφ

1 -135.25 (deg) 122.13 (deg)

A
eφ

2 68.83 (deg) 60.05 (deg)

A
eφ

3 118.76 (deg) 74.30 (deg)
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