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Fig. 1.1. The diode-inductor circuit. The
signal generator and variable dc voltage
source drive an electrical current i(f)
through the inductor and diode,
connected in series. Vj () is the (time-
dependent) electrical potential difference
across the diode.
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biforcation <y yxi **

Bifurcation means a splitting into two parts. The term bifurcation is |

| commonly used in the study of nonlinear dynamics to describe any sudden ‘
change in the behavior of the system as some parameter is varied. The |
bifurcation then refers to the splitting of the behavior of the system into
two regions: one above, the other below the particular parameter value at |
which the change occurs.
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Fig. 1.10. The function fi (x)
plotted as a function of x for
A=l various values of the
parameter A. The diagonal
AR N I NN line is a plot of y = x.
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Fig. 1.11. A graphic representation of the iteration of Eg. (1.4-5) starting from xy = 0.7 with
A=06.
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In more general terms, the affractor is that set of pointﬂ which |
trajectories approach as the number of iterations goes to infinity. As we |

shall see for more complicated systems, the system may have more than
one attractor for a given parameter value. The basin of attraction for a
particular attractor consists of that set of initial points {x,} each of which
gives rise to a trajectory that approaches the attractor as n, the number of

iterations, approaches infinity.
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Fig. 1.12. Graphic representation of
the iteration scheme with A = 1.5
and xp = 0.10. Note that the
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c Lo bev v Loaa by to the fixed point at x = 1/3.
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Table 1.1.
Trajectory values* for A = 3.1 and x, = 0.250.

X, n X,
0.250 11 0.561
0.581 12 0.764
0.755 13 0.559
0.574 14 0.764
0.758 15 0.559
0.569 16 0.764
0.760 17 0.559
0.565 18 0.764
0.762 19 0.558
0.562 20 0.764
0.763 21 0.558 -

*The x values have been rounded off to three significant figures.

oV W -~ Ol

64]9.334.&195[3&7)0451 <A<3 b SNy
3 <A<344948 Iy .culx’ =1—1/4
Sy wlgs abadi g0 Joldh LIl

&
¢ =
‘.
¢!l
P
v
(=3
[ =
&
€
e}
e
.
e
e -




(3<A<3.44948) ‘5)3.»5))4 L IPERRT. U"3)

1.0

=
=

=
=

=
=

Fig. 1.13. Graphic representation of
the iteration scheme leading to

period-2 behavior. A= 3.1, x=0.1.
The two attractor points lie at the top
left and bottom right of the dark
' AR R TN AR N AN O A NN N N B rectangular area.

0.2 0.4 0.6 0.8 1.0

X

i
02 Z
0.0 !
.0

=

o
Q.o
W lod i |y gladadigs QO (pl sy

.x=1—1/A‘54b.‘o‘3}:;0<x<1‘50.>3m

SEEEEAEEEEXXXEX,




(bifurcationdiagram) ol asLhgo 10900

20,8 o0 Gl 0 < X < 1 go0gamme 43 X &9, alais A Hladio o gl

/

Jg.wgs.o (o= ) é.bgg).oA Wﬁx ‘SAJJ‘)‘A.0.0 Yoo o

SEEEEAEEEEXXXEX,




clc, clear all, close all,
tic,
= 0:0.001:4;
x0 = rand(1l,length(a));
for 1 = 1:1000,
x1 A.*x0.*(1-x0);
x0 = x1;

zeros (1000, 1length(a)) ;
i=1:1000,

x1l = A.*x0.*(1-x0) ;

x0 = x1;

X(1i,:) = x1;

figure, hold on,

plot(A,X,'.b',6 'Markersize',3),

xlim([3 4])
toc,
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(divergence of nearby trajectories) p& 4 G836 ,955l 5 21,519 owyp b ¢
Table 1.2. ¢!
Trajectories for the Logistic Map with A = 3.99.

X, X ‘

04000  0.4010 e eSS Ve Savs
09576  0.9584 SaFS 5y S Ve dgu 5l o @

0.1620  0.1591 a5 W S o dolB o 51 ¢/F sgu> @
0.5417  0.5338 L
09906  0.9929 el X g olio (puSilee plp Loyl @
0.0373  0.0280

0.1432  0.1085

0.4894  0.3860

09971 09456

00117  0.2052

0.0462  0.6507

0.1758  0.9069

0.5781  0.3368

09731 0.8912

0.1043 03870

0.3727 09465

The values in the table have been rounded to four significant figures.
The calculations were done with an accuracy of eight significant figures.
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function of height in the cell in the so-called conductive (nonconvective) state,
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Fig. 1.16. Cross-section view of the circulating convection “rolls” in a Rayleigh—Bénard cell.
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(Time Translation Symmetry) Jloj Jlasl o,

In more abstract terms, we say that the nonlinear system can
spontaneously break the time translation symmetry of the equations and

| the environment. Time translation symmetry means that the equations
and the environment are exactly the same for any value of the time |
variable r. That is, the conditions at r and at r + 7 are the same for any |
values of r and 7. However, once the system’s behavior becomes time
dependent, that time translation symmetry is broken. For a linear system,
the symmetry is broken only if the external conditions imposed on the

{ system break the symmetry. A nonlinear system can break the symmetry
spontaneously. In Chapter 11 we will see similar symmetry breaking in
the formation of spatial patterns as well. In fact, the circulating currents in
a Rayleigh-Bénard cell are a simple example of spatial-symmetry
breaking.
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Fig. 1.17. In (a), (b), and (c), X, ¥, and Z are plotted as functions of time for the Lorenz
model with r = 0.5, p = 10, and b = 8/3. In (d), the trajectory is shown as a projection onto
the ZX plane of state space. In all cases the trajectory started at the initial point X =0, ¥ =1,
Z=0.




! For a system described by a set of first-order differential equations, such
as Eq. (1.5-1) for the Lorenz model, a point in the state space for which all |
of the time derivatives of the state space variables are 0 is said to be a
Jixed point for that system. (What we call fixed points for systems of

differential equations are also called equilibrium points, or critical points,
or singular points by other authors.) If the system starts at one of these
fixed points, it stays at that fixed point for all time. Since the time
derivatives of the state space variables are O at the fixed point, those
variables cannot change in time.
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*» Initial States: X =0,Y=1,Z2=0
X X=0,Y=-1,Z=0

< Rayleigh number: r = 2.0

e Fig. 1.18. State space projections onto
1.0 the YZ plane for trajectories in the Lorenz
model with r = 2.  Onme attractor
corresponds to clockwise rotation, the
other to counterclockwise rotation of the
fluid at a particular spatial location.
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<+ Initial States: X =0,Y =-5,Z =15
<+ Rayleigh number: r = 25

r=250
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Fig. 1.19. Solutions to the Lorenz equations for r = 25. The initial point was X=0, Y =-5, Z
=15. In the state space diagram in the lower right panel, the two off-origin fixed points at Z 4';”,,|9 <! 2 odl> Q"‘ 49
=24, X =8 and ¥ =8 are indicated by asterisks. . e .
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< Initial States: X =0,Y =-5,Z =15
< Rayleigh number: r = 160

r= 160
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Fig. 1.20. Solutions of the Lorenz equations with r = 160. After an initial transient that lasts . .
until about r = 3, the solutions are periodic (but not sinusoidal). The jaggedness of the QW}‘S‘SG\M)J
transient trajectory in the X¥Z state space plot (lower right) is a graphing artifact. The o o

calculations were actually carried out with much smaller time steps. ?'
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Exercise 1.5-3. Show explicitly that the Loorenz equations are unchanged
under time translation, that is, if ¢ is replaced by ¢ + 7 then the equations

are the same. Thus, we say that the Lorenz equations have time
translation symmetry.
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< Initial States: X =0,Y =-5,Z =15
<+ Rayleigh number: r = 150

160

140

120

100

Fig. 1.21. Z(1) for the Lorenz equations with r = 150. After an initial transient, the behavior
is periodic with a period twice that seen in Fig. 1.20. Notice the altemnating heights of the
largest peaks in this figure.
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< Initial States: X =0,Y =-5,Z =15
<+ Rayleigh number: r = 146
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«» Initial States: X =20,Y=0,7Z = 163
«» Initial States: X =20,Y=0,Z = 166

<+ Rayleigh number: r = 143

r=143
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Fig. 1.22. Two trajectories in the Lorenz model showing divergence of nearby trajectories for o &
r=143. The trajectory in the upper panel starts with the initial conditions X =20, ¥Y=0,Z =
163. In the lower panel the nearby trajectory starts with X = 20, ¥ =0, Z= 166. After only a
few oscillations the trajectories are completely different.
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Predictability: Dos the Flap of a
Butterfly’s Wings in Brazil set off

a Tornado in Texas?

Edward Lorenz
1917 -2008
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olS gaouio o (YYFA-IAYY) Pierre Simon Laplace ggwild olo 20U
;o o8 o0 Theory of Probability

Let us imagine an Intelligence who would know at a given
instant of time all forces acting in nature and the position of all

things of which the world consists; let us assume, further, that
this Intelligence would be capable of subjecting all these data to
mathematical analysis. Then it could derive a result that would
embrace in one and the same formula the motion of the largest
bodies in the universe and of the lightest atoms. Nothing would
be uncertain for this Intelligence. The past and the future would
be present to its eyes.
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mﬁhms—ism—fer—eham?z There is even some historical

evidence that Isaac Newton himself, the creator of Newtonian mechanics, drew

back from the deterministic picture that seemed to emerge from his discoveries.
Newton wanted to leave room for the active participation of God in the evolution of

the universe.
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Y=-XZ+1rX-Y
Z = XY — bZ

Xdot X

p Integrator

—i- — ]

To Workspace

Product
>3-
r Integratord Scope

Add1

Product?

I: Add2 Integrator2
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E Function Elock Parameters: Integrator
Integrator

Continuous-time integrg
Integrator

E Function Block Parameters: Integratorl

FParameters _ o
Continuous-time integrz

External reset: |none
Parameters

Initial condition source:]
External reset:

Initial condition:
Initial condition source:)
*o

Initial condition:
[T] Limit output
0
Upper saturation limit:

Limit output
inf O P
Upper saturation limit:
Lower saturation limit:
inf
-inf
Lower saturation limit:
[ Show saturation por
-inf
[] Show state port

Show saturation pox
Absolute tolerance: O P

Show state port
auto O P

Absolute tolerance:
[] Ignore limit and resy

Q 1

auto

["] Ignore limit and resy

2 L

E Function Block Parameters: Integrator2

Integrator

Continuous-time integration of the input signal.

Parameters

External reset: [none

Initial condition source: ’i.ntemal.

Initial condition:
Z0
[] Limit output
Upper saturation limit:
inf
Lower saturation limit:
-inf
[ Show saturation port
[ Show state port
Absolute tolerance:

auto

[] Ignore limit and reset when linearizing

9 Lok [ concel ||

Help
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E Sink Block Parameters: To Workspace
To Workspace

Write input to specified array or structure in a workspace. For
menu based simulation, data is written in the MATLAB base
workspace. Data is not available until the simulation is stopped or
paused. For command line simulation using sim command, the
workspace is specified using DstWorkspace field in the option
structure.

Parameters

Variable name:

sv

Limit data points to last:
inf

Decimation:

1

Sample time (-1 for inherited):

-1

Save format: [Structure With Time

[] Log fixed-point data as an fi object

-

OK ” Cancel H Help ]| Apply |
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% Configuration Parameters: LorenzCS/Configuration (Active)

Select: Simulation time

~Solver Start time: 0.0 Stop time: 20.0
- Data Import/Export

-~ Optimization Solver options
=~ Diagnostics
- Sample Time

Type: Variable-step - | Solver: [0de45 (Dormand-Prince)

~Data Validity Max step size:  0.0002 Relative tolerance:  1e-3
- Type Conversion
- Connectivity

- Compatibility Initial step size: auto Shape preservation: |Disable all
- Model Referencing

- Saving

- Stateflow

- Hardwrare Implementati...
- Model Referencing Tasking mode for periodic sample times: Auto
= Simulation Target
- Symbols

- Custom Code [7] Higher priority value indicates higher task priority
‘Real-Time Workshop
- Report
~Comments Zero-crossing control: ’Use local settings v] Algorithm: [Nunadaptive
- Symbols

- Custom Code
- Debug Number of consecutive zero crossings: 1000
- Interface

Min step size:  auto Absolute tolerance: auto

Mumber of consecutive min steps: 1

Tasking and sample time options

[] Automatically handle rate transition for data transfer

Zero-crossing options

Time tolerance: 10*128%eps Signal threshold: |autn

ok || cancel || Hep
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b=8/3; p=10; r=0.5;
X0=0; YO0=1; Z0=0;
sim('LorenzCS.mdl'),
= SV.time;
X=SV.signals.values(:,1) ;
Y¥=SV.signals.values(:,2) ;
Z=SV.signals.values(:,3);
figure, set(gcf, 'Position',[100 100 700 500]), % Figure 1.17
subplot(221) , plot(t,X,'r', 'LineWidth',k2),
axis ([0 10 0 1]), xlabel('time(sec) '), ylabel('X'), grid,
subplot (222) , plot(t,Y,'r', 'LineWidth',k2),
axis ([0 10 0 1]), xlabel('time(sec) '), ylabel('Y'), grid,
subplot(223) , plot(t,Z,'r', 'LineWidth',k2),
axis ([0 10 0 0.2]), xlabel('time(sec)'), ylabel('Z'), grid,
subplot(224) , plot(X,Z,'b', 'LineWidth',2),
axis([0 1 0 0.2]), xlabel('X'), ylabel('Z'), grid,

figure, plot3(X,Y,Z,'g', ' 'LineWidth',2), grid,
xlabel('X'), ylabel('Y'), zlabel('Z'),
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0.5

1 ; 0.5 0;, 0.510.5];
0, 01

ISs=[010; 001; 00.50 00 1
001; 01 0; 0; 1; 1 01; 0 0 0]

;1 ;1

ColorCode = | ; ;1 00; 11
figure,
for i=l:size(IS,1),

X0=IS(i,1),; YO0=IS(i,2); Z0=IS(i,3);

sim('LorenzCS.mdl'),

= SV.time;

X=SV.signals.values(:,1);

Y¥=SV.signals.values(:,2);

Z=SV.signals.values(:,3);

plot3(X,Y,Z, 'LineWidth',2, 'Color',ColorCode(i,:)), hold on,
end
grid, xlabel('X'), ylabel('Y'), zlabel('Z'),
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b=8/3; p=10; r=2; X0=0; Y0=1; ZO0=
sim('LorenzCS.mdl'),

= SV.time;
X=SV.signals.values(:,1) ;
Y¥=SV.signals.values(:,2) ;
Z=SV.signals.values(:,3);
figure, plot(Y,Z,'r', 'LineWidth',2), hold on,

X0=0,; Y0=-1; Z0=0;
sim('LorenzCS.mdl'),

= SV.time;
X=SV.signals.values(:,1) ;
Y¥=SV.signals.values(:,2);
Z=SV.signals.values(:,3);
plot(Y¥,Z, 'r', 'LineWidth',2),

axis([-2 2 0 1.2]), xlabel('Y'), ylabel('Z'),
set (gcf, 'Position', [200 200 600 300])
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b=8/3; p=10; r=25; X0=0; Y0=-5; Z0=15;
sim('LorenzCS.mdl'),
= SV.time;

X=SV.signals.values(:,1) ;
Y¥=SV.signals.values(:,2) ;
Z=SV.signals.values(:,3);
figure, set(gcf, 'Position',[100 100 700 500])
subplot(221) , plot(t,X,'b', 'LineWidth',k2),

axis ([0 20 -20 20]), xlabel('time(sec) '), ylabel('X'"),
subplot (222) , plot(t,Y,'b', 'LineWidth',2),

axis ([0 20 -30 20]), xlabel('time(sec) '), ylabel('Y'"),
subplot (223) , plot(t,Z,'b', 'LineWidth',2),

axis ([0 20 5 40]), xlabel('time(sec) '), ylabel('Z'"),
subplot (224) ,plot3(X,Y¥,Z,'qg', 'LineWidth',2), axis([-20 20 -30 20
5 40]),
hold on, plot3([8 -8],[8 -8],[24 24], 'r*")
set (gca, 'CameraPosition', [-200 250 200])
xlabel('X'), ylabel('Y'), zlabel('Z'), grid
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b=8/3; p=10; r=160; X0=0; YO0=-5; Z0=15;
sim('LorenzCS.mdl'),
= SV.time;
X=SV.signals.values(:,1) ;
Y¥=SV.signals.values(:,2) ;
Z=SV.signals.values(:,3);
figure, set(gcf, 'Position',[20 20 1300 700])
subplot(3,4,1), plot(t,X,'b', 'LineWidth',1),
axis([10 20 -50 50]), xlabel('time(sec)'), ylabel('X'"),
subplot(3,4,2), plot(t,Y,'b', 'LineWidth',1),
axis([10 20 -100 100]), xlabel('time(sec) '), ylabel('Y'),
subplot(3,4,3), plot(t,Z,'b', 'LineWidth',1),
axis([10 20 50 250]), xlabel('time(sec)'), ylabel('Z'), grid,
subplot(3,4,4) ,plot(X(50000:end) ,Y¥(50000:end), 'g', 'LineWidth',1),
axis([-50 50 -80 80]), xlabel('X'), ylabel('Y'),
text (-40,60,'r = 160")
hold on, plot([8 -8],[8 -8], 'r*'")
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r=147; r=146.86;
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b=8/3; p=10; r=160; X0=0; Y0=-5; Z0=15;

sim('LorenzCS.mdl"'),

t = SV.time;

X=SV.signals.values(:,1) ;

Y=SV.signals.values(:,2) ;

Z=SV.signals.values(:,3);

figure, set(gcf, 'Position',[20 20 1100 700])

subplot (2,3,1) ,plot(X(50000:end) ,Y(50000:end), 'b),
axis([-50 50 -80 80]), xlabel('X'), ylabel('Y'"),
text (-40,60,'r = 160")

hold on, plot([8 -8],[8 -8], 'r*'")

r=147; r=146.86; r=143; r=131; r=105;
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