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3.4 A 3.6

Fig. 2.1. A portion of the bifurcation
diagram for the logistic map function, Eq,
(22-1) showing the period-doublings
leading to chaos indicated by the fuzzy
bands at the right of the diagram.

x,,, =8Bsin(mx )

B 0.873

Fig. 2.2. Part of the bifurcation diagram
for the sine map, Eq. (2.2-2).
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Fig. 23. A portion of the bifurcation diagram for the logistic map. The As indicate the
parameter values at which period-doubling bifurcations occur. The ds indicate the relative
sizes of the bifurcation patterns at the bifurcation points.
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Fig. 23. A portion of the bifurcation diagram for the logistic map. The As indicate the
parameter values at which peried-doubling bifurcations occur. The ds indicate the relative
sizes of the bifurcation pattemns at the bifurcation points.
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Research Problem: Relate the Feigenbaum & value, 4.669.. ., to some
other fundamental numbers, for example, 7, e (2.718...), the golden mean
ratio {\fS - 1)/2, and so on (no known solution).
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| ~ Table2.1. s
- Bifurcation and Supercycle Values
_for the Logistic Map and the Sine Map i
e Y Ay ik AS"_ ; BSn'
3.00000 323607  0.77734
34931 349856  0.84638
354402 3.55463  0.86145
356437 3.56667  0.86469
356875 356924  0.86539
3.569946... 00—
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Ap

A%,

B

3.4931

3.54402

3.56437

356875
3.569946...

323607

349856
13.55463
356667

1356924

n
0.77734

- 0.84638
0.86145
0.86469
0.86539

3.4931 - 3.00000

=9.

= 82 = 3.54402 — 3.4931

3.54402 — 3.4931

5 83 =

3.56437 — 3.54402

3.56437 — 3.54402

= 84 = 3.56875 — 3.56437

=—7->=4.68147

—— = 4.65698

=———=4.68482

62:

63:

64_=

BS — BS

By — B3

: Jbo Jo O

68382

= 2.50221

= 4.64611

BS — BS
2 1 _457825

BS — BS
3 2 _ 4.65432
B — B3

43 _ 462857
B — B,
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Nole thallsdened such a way mdepcndcnl of the umls
whxch the parameter is measured (that is, we can muluply a!l lhe

| parameter values by a common factor and still get the same & value). It is
| also independent of a ‘shift in the zero of lhc scale on which the paramctcr
1 values are measured (that is, we can add to or subtract from lhe paramclcr
| values a common number and stlll get thc same 6 value) | e
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Table 2.2.
anlagc values for bifurcations in the diode circuit.

n V V

(30 kHz) (85 kHz)

1 -3.470(8) -0.946(1)
2 -2.505(8) -0.438(1)
3 -2.234(7) -0.330(1)




Two comments are in order:

1.

It is important (and, in fact, crucial) to take into account experimental
uncertainties in calculating these ratios. We see that for the higher-
order bifurcations, the experimental uncertaintics become as large as

the parameter differences, and the resulting relative uncertainty in &
becomes quite large.

The experimentally determined values for &, are close to but often do
not agree with the Feigenbaum value of 4.669 even within the range
of experimental uncertainties.
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Table 2.3.
Feigenbaum & Values Determined by Experiment
Experiment Ref. Max n+1 Valueof §, Difference
observed From 4.669
Fluid convection =~ GMP81 4 4.3(8) -0.3(8)

Diode circuit TPI82 4.3(1) -0.3(1)
Optical bistability = HKGS82 4.3(3) -0.3(3)
Acoustic waves STF82 4.8(6) +0.2(6)
in helium
Josephson-junction  YEKS82 4.4(3) -0.2(3)
analog
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)

Exercise 2.4-1. (a) Verify the calculation leading from Eq. (2.4-3) to Eq.
(2.4-4). (b) Prove that

(A.-A,)8"

Note that the right-hand-side is independent of n. N.B. This result will be
used several times in later chapters.
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A, — A

2 8= ! E>A3—(A2—A1) + Az
A3 — A,
Az — A

E>6— s D Ay = (As—Az)E‘l'As

1
':>A4 = ((Az _A1)5+A2 —Az>3

1
+ (A2 — A) 5 + A

I:>A4=(1‘12—141)<1‘|‘i




6% '
(Ao — Ap)d™ = (A2 — A1) (6 — 1) dS ol il

30 Oledo a abuly Wl el 1 ) Jiiwo Cowly Caow Ol a5 0SS S
S Wb ool guw ol
1 i} }
A3 = (A — A1) 5 + A 20l B ol glaixo (olul o [
1 1
Ay = (A2 — A1) 5 T5z) T4
1

1 1
A5 — (AZ_A1)<E+§+§>+AZ

1 1 1
E>An:(AZ_A1)<E+§+M+6n—2>+A2

1—6_n+2
E>An=(A2—A1)< 6—1 )"‘Az

1
D Ap = (A2 — Ay) (m) + 4,
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Fig. 23. A portion of the bifurcation diagram for the logistic map. The As indicate the
parameter values at which period-doubling bifurcations occur. The ds indicate the relative
sizes of the bifurcation patterns at the bifurcation points.
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Fig. 23. A portion of the bifurcation diagram for the logistic map. The As indicate the
parameter values at which peried-doubling bifurcations occur. The ds indicate the relative
sizes of the bifurcation patterns at the bifurcation points.
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3.1

Feigenbaum actually used a slightly different definition of d, in his
determination of ¢ As in the definition of &, the ds refer to distances in
the bifurcation diagram when the point x,,, is part of the trajectory. We
shall make use of this choice of distance in Chapter 5 and Appendix F.
We intuitively expect that the two definitions give the same numerical
values for high-order bifurcations.
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Fig. 23. A portion of the bifurcation diagram for the logistic map. The As indicate the

parameter values at which period-doubling bifurcations occur. The ds indicate the relative
sizes of the bifurcation patterns at the bifurcation points.

Exercise 2.5-1. Use a ruler to measure the appropriate lengths in Fig. 2.3
to determine the Feigenbaum « value. Estimate your measurement
uncertainties.

P
¢!
‘.
[ =
¢ !
¢ =
L
e !
&
&
& L
e !
LB
e |
e




Exercise 2.5-2. Use numerically generated values from the logistic map
to estimate o Estimate numerical uncertainties due to the finite precision
of your computer’s arithmetic.
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Exercise 2.5-3. Carry through the same kind of argument to show that the
Feigenbaum « is also about the “right size.”
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Question: Is there a connection between the values for § and @? The
answer is given in Chapter 5 and Appendix F.
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Fig. 23. A portion of the bifurcation diagram for the logistic map. The As indicate the
parameter values at which peried-doubling bifurcations occur. The ds indicate the relative
sizes of the bifurcation patterns at the bifurcation points.
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