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Fig. 3.1. Phase portrait for the mass on a
spring. ‘The ellipses are stale space
trajectories for the system. The larger the
ellipse, the larger the total mechanical
energy associated with the trajectory.
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In the literature on dynamical systems and chaos, the terms phase
space and state space are often used interchangeably. The term
phase space was borrowed from Josiah Willard Gibbs in his treatment
of statistical mechanics. The use of this notion in dynamical systems
and chaos is somewhat more general than that used by Poincaré and
Gibbs; so, we prefer (and will use) the term state space.
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2. There is also some ambiguity about the use of the term degree of
freedom. In the classical mechanics of point particles a degree of
freedom refers to a pair of variables, such as the position coordinate
along the x axis and the corresponding component of the linear
momentum p,. In this usage, our simple mass on a spring has one
degree of freedom. (We shall use this definition in Chapter 3.) In
dynamical systems theory, the number of degrees of freedom is
usually defined as the number of independent variables needed to
specify the dynamical state of the system (or alternately, but
equivalently, as the number of independent initial conditions that can
be specified for the system). We will use the latter definition of
degree of freedom (except in Chapter 8). In the first sense of
“degrees of freedom,” the corresponding phase space must always
have an even number (2, 4, 6, ...) of dimensions. However, in the
theory of dynamical systems and chaos, it will often be useful to have
state spaces with an odd number of dimensions. The Lorenz model

of Chapter 1 is one such example.
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x(t) = x¢ coswt + %sinwt
X

. . : 1
x(t) = —w xg sinwt + Xy coswt @) Zic(t) = — X Sinwt + ;0 coswt

2 (1. Xo . : . Xo :
|:>(x(t)) + Zx(t) = | xo coswt + ;smwt + | — x¢ sinwt + P coswt

xox'
w

X
= (x coswt)? + (;0 sinwt) + 222 coswt sinwt

X ] X
+(— x¢ sinwt)? + (;0 coswt) — 2220 coswt sinwt = (x)? + <
)
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Fig. 3.1. Phase portrait for the mass on a
spring. The ellipses are state space
trajectorics for the system. The larger the
ellipse, the larger the total mechanical
energy associated with the trajectory.
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<l 7 = —kx + yx

—

_ px2 &l o r=7v autonomous
de3 v =—kx+yv

(W3
d*x _ -
c: W=kx+bsmwt X=v
odoid p=w autonomous
w = bx?

gu—

rde:q ¥ nonautonomous
U = kx + b sinwt
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Question: What happens for a nonautonomous system? If we have used
our “trick” to write the dynamical equations as suggested above, it should
be clear that we can never have a fixed point because the derivative for the

time variable is never zero. (The time variable never stops changing!)
Thus, we will need special techniques to handle such systems. See
Section 3.16.
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[The No-Intersection Theorem: Two distinct state sp jectories
cannot intersect (in a finite period of time). Nor can a single trajectory |
cross itself at a la time. |
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Basin of Attraction for A2

Basin of Attraction for Al

s

1 Attractor

! Basin of attraction

! Fractal basin boundaries

! Riddled basin of attraction
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) Separatrix Fig..:!.l A sketch of attractors Al and A2 and basins of attraction in state space. Trajectories
P starting inside the dotted basin cventually end up in the attractor region inside the dotted -

region. Trajectories starting in the other basin head for the other attractor. For starting points
mmgcmhmmﬂnﬂajeuaiﬁmygomwadﬁdm(nmmm} The ‘ :

line bounding a basin of attraction forms a separatrix.
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Characteristic Values

L (characteristic value) aasiw jlodo 4 A<0 fixed point is a node
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Fig. 3.3. On the left, £ (X) in the neighborhood of a node located at Xo. Onthenghtf(X)m
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Exercise 3.8-2. Is it possible to have trajectories that represent oscillatory
(repetitive) motion for a system with a one-dimensional state space?
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Exercise 3.8-3. The logistic differential equation. The following
differential equation has a “force” term that is identical to the logistic map
function introduced in Chapter 1

X =AX(1-X)

(a) Find the fixed points for this differential equation.
(b) Determine the characteristic value and type of each of the fixed points.




Exercise 3.8-4. (a) Show that the solution of the differential equation
given in Ex. 3.8-3 is

X
X = g
® X —}X —l)e"'“

where X, is the initial (r = 0) value of X. (b) Sketch the solution X(r) as a
function of time for several values of X, and relate the behavior of the
solutions to the nature of the fixed points. (c) Why are the solutions to the
logistic differential equation relatively simple while the behavior of the
trajectories for the logistic map equation in Chapter 1 are very
complicated?
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Fig. 3.7. A “cluster of initial conditions,” indicated by the heavy line, along the X axis.
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