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. 3.8. Sample trajectories near each of

.__I_.. ﬁfmr types of fixed points with real
repellor
X, .

characteristic values in two dimensions.

with Real Characteristic Values

A Ay Type of Fixed Point
<0 <0 attracting node
>0 >0 repellor

>0 <0 saddle point

Types of Fixed Points in Two Dimensions <0 >0 saddle point

Table 3.2.
N caddle Possible Fixed Point Characters |
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df 4 df 4
ax + (X2 — X20) =5 1p oo
1l(x10.X20)

X5 (X10.X20)
df, df,

+ (X2 — X20) 7 + o
72 G, (X10,X20)

I X:=f1X1,X2) = (X1 — X10) 5

| X2 = f2(X1,X3) = (X1 — X10) 5
(X10.X20)

a0 310 LT (6010 31 )8 6,41a0b b g vocimd b polie conds lose o sidy A5 usS amgd

£ = df; 2 X1 = (X1 —X10) f11 + Xz = Xp0)f12 + -
g I (X10.X20) X, = (X1 — X10) f21 + (X2 — X0)f22 + -

o210 s gadosr 90 b o il g ol b I Bl il W jygo 4 dyuar (gl puiiio iy i L
x1=X1—Xq0 B ¥ =Xq ‘|:5C1= f11%1 + f122x2 + -

X2 =Xy — X0 B X=X, Xy = f21%X1 + f22x2 + -

N ‘|:5V1 = f11%1 + f12%2

Xy = fa1%1 + [f22%;
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‘|:5V1 = f11x1 + f12%2

Xy = f21x1 + [22%;

X1 =fuXi+ fr2X2 B X1 = 1% + fr2%
B X1 = f11%1 + f12(f21%1 + f22%2)
5 X1 = fiux1 + fiaf21%1 + f22f12%2
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general solution :  x,(t) = Ce*+! + De?-t
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Bgl o 0dlwdy = for 941 = f11 = P
i, :(f11+f22)i\/(f11+f22)2—4(f11fzz—f12f21)
- 2
if fio=fa1=0 2, = (f11+f22)i\/(f1;+f22)2—4f11f22
|:> )'i _ (f11+f22)i\/(f11)22+(f22)2—2f11f22

= Ay = (11 + f22) iz\/(fn — [22)°

"/1+=(f11+fzz);(f11—f22)=f11

1 1 _(fratf22) —(f11 —f22)
- 2 _fZZ

Exercise 3.11-1. Show that Eq. (3.11-12) reduces to Eq. (3.10-4) in the
special case fi; =0 and f;, = 0.
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Exercise 3.11-2. Start with Eq. (3.11-13) and find C and D in terms of the
initial conditions x,(0) and x,(0). Hint: differentiate Eq. (3.11-13) and use
Eq. (3.11-9) to get a second condition on C and D. This exercise requires
a modest amount of algebra, and the final results are not particularly
pretty.

general solution :  x,(t) = Ce’+' + De’-! ©) x;(0)=C+D

2> %1(t) = CA, e’ + DA_e*-t
x1(t) = f11x1(0) + f12x2(0)

}E> fllxl(t) + flzxz(t) = C)l+e)*+t + DA _et-t
2> f11%1(0) + f12x2(0) = CA, + DA_

2> f11x1(0) + f12x2(0) = CA; + (x1(0) — O)A_
2> f11x1(0) + f12x2(0) —A_x41(0) = C(AL — A1)
= €= {f11x1(0) + f12x2(0) — A_x1(0)}/(A4 — A_)
D=x,0)—-C
= D = x1(0) — {f11%1(0) + f12x2(0) — A_x1(0)}/(4; — 1)

..0.....0,0.09
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Exercise 3.11-3. Show that x, satisfies a differential equation that is
exactly the same as Eq. (3.11-9). Combine these results to specify the
complete dynamics of the system represented by Eq. (3.11-6).

{h = f11x1 + f12%2
Xy = f21x1 + [22%;

X2 = f21X1+ f2X2 ©) Xy = fa1i1 + f2242
B X2 = f21(f11x1 + f12%2) + fa24,
D X2 = f11f21%1 + fa1f12%2 + f22%2
ted 510 WY oleo olBiwd Jgl gadoleo 3l cadaly pl 31X B gl
f21%1 = X3 — f22%2 B) X3 = f11(k2 — f22%2) + f21f12%2 + f22%2

0> X — (f11+ f22)x%2 + (f11f22 — f12f21)%2 =0
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if 2:complex > A, =R+jQ, Q=0
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x1(t) = Ce’+' + De*-*
0 x1(t) = CelRHDt  peR-jME
= x1(t) = eft[Ce™T + De Y|
:Calsld gules X1(0) = 0 pbs > B8 0
D C=-D
|:> xl(t) =C eRt[e+j.Qt . e—jﬂt]

£ x.(t) = CeRt 2jsin(Qt) ©) [ x1(t) = 2jC e?t sin(Qt) ]
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spiral node *
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Fig. 3.10. A spiral node (left) and a spiral repellor (right) occur when the characteristic
values of a fixed point are compiex numbers.
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Exercise 3.12-1. Show that the constant F in Eq. (3.12-3) is given by
F = f,x,(0)/Q

w0210 X1(0) = 0 gadgl byd g balio zgo 30 A g Ay slp a5 oo § ey
x1(t) = 2jC e?t sin(Qt)
. Z_iC = flzxz(O)/.Q. ‘d.b.gb g)‘ 9O ddO uLwA
X1(t) = f11x1(8) + f1222(8) £) x1(0) = f11x1(0) + f12x2(0)
0@ =0  2|£:(0) = f1%,(0)

x1(t) = 2jC eRt sin(Qt) > x4(t) = 2jCR eR sin(Qt) + 2jCQeRt cos(Qt)
E>[x1(0) — 2jCQ }

5> 2jCQ = f1,x,(0) E>[2jC = f12x2(0)/9]




Exercise 3.12-2. For the reader with a bit more algebraic fortitude: Work
out the most general solution of Eq. (3.12-3) in terms of x;(0) and x(0)
and show that the behavior is as described at the end of the previous

paragraph.
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A+:(f11+f22)i\/(f11+f22)2—4(f11fzz—f1zfz1)
- 2

if A: real & positive =) repeller

if 2: real & negative ) node

if A:complex £ Ay =R*jQ , Q+0

_ (f11+f22)
- 2

1
Q =E\/|(f11 + f22)% — 4(f11f22 — f12f21)|

ifR<0&Q+0 ) Spiral node or focus

R

if R>0&Q =0 £y Spiral repellor or unstable focus
ifR=0&0Q+0 ) Cycle
WS o0 Ol | Cull ol oo (laduw sails a5 00 5 o0 3! glg 595515 4 Cycele <
w8S limit cycle ol 4 wigd 80 b wis ] 4 Cycle o3 byl 51 <« @3
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Fig. 3.11. A rectangle of initial conditions in
state space of two variables X, and X,.

dA d
dt dt

d d d -
(X1c) — - (XlB)} (X2¢ — X28) + (X1¢ — X18) {a (X2¢) — i (XZB)}..

A= (Xy1c—X18)X2c — X2B)

dA {d

[(X1¢ — X18) (X2¢ — X2B)]

@ @

dA
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Exercise 3.13-1. Evaluate div(f) for the Lorenz model equations

introduced in Chapter 1 for parameter values r = 0.5, p = 10, and b = 8/3.

Is the Lorenz system dissipative throughout its state space?

1 = 0.5 5 yolyb sl3l @ 3598 Jow OYolre gl |y (divergence) wiljygd
Gl g el sLad 5o piuw (2] LT .o led awlo b = 8/3 gp = 10

—X =p(Y —X) fewl (dissipative)

/) — — — N
Y=-XZ+1rX-Y 1av <o,
Vdt 40X,

L=

= div(f)

| Z=XY-bZ il32925 Gandd 5910k :

3

afizah_l_afz_l_afs
,0X; 0X ' oY ' 0z
_ _ s _
ax _ P EY% EYA

= div(f) =

1=

> W1_ _ 9z _ _

—b

D div(f)=-p-1-b ) div(f) = -10—1-8/3 = —41/3
.??
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Trace of Jacobian matrix : Tr] = f11 + [22
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It is important to note that the Poincaré~Bendixson Theorem works only
in two dimensions because only in two dimensions does a closed curve |

| separate the space into a region “inside” the curve and a region “outside.”
Thus a trajectory starting inside the limit cycle can never get out and a
trajectory starting outside can never get in. This argument is an excellent

| example of the power of topological arguments in the study of dynamical |

| systems. Further, from the Poincaré-Bendixson Theorem we arrive at an |
important result: Chaotic trajectories (in a bounded system) cannot occur
in a state space of two dimensions. For systems described by differential

| equations, we need at least three state-space dimensions for chaos.
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Fig. 3.12. (a) The Poincaré line segment intersects the limit cycle at point £. (b) The four
possibilities for sequences of Poincaré intersection points for trajectories near a limit cycle in
two dimensions.
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Poincare map (iterated map) : Py = F(Py)
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Exercise 3.16-1. For the simple harmonic oscillator, the state space
coordinates x(t), the position coordinate, and (1), the velocity of the
oscillator, are given by

x(t) =w, cos(wt)

U(t) = —wx, sin(wt)
if the initial conditions are x(¢ = 0) = x, and ¥{¢ = 0) = 0. Take the positive
x axis as the Poincaré section line and find the corresponding Poincaré

map function. Then do the same for a Poincaré section line at an angle 6
with respect to the positive x axis.
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Poincare map (iterated map) : Py = F(Py)
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d eyl dy = Py — Py, b

dF
dP p

.’..’.9.0'000”9

characteristic multiplier: M =




characteristic multiplier dF
or Lyaponov multiplier M = P
or Floquet multiplier

dz = Mdl

Table 3.4.
The Possible Limit Cycles and Their Characteristic
Multipliers for Two-Dimensional State Space

Characteristic Multiplier Type of Cycle

M<«1 Attracting Cycle
M>1 Repelling Cycle
M=1 Saddle Cycle

(rare in two-dimensions)
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Exercise 3.16-2. In a state space with two dimensions, M cannot be
negative. Show that this must be the case to avoid violating the No-
Intersection Theorem. Hint: If M is negative, then the intersection points
must oscillate from one side of P’ to the other on subsequent iterations.
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Characteristic exponent: A=Ln(M) ©£) M= e
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Fig. 3.13. The characteristic value plotted
as a function of the control parameter. For &

X I 1 1 . < 0 the fixed point is a node. For §> 0 the
< Bifurcation diagram ‘ e e o e er. A bifurcation

occurs at 6= 0.

Fig. 3.lfl. The bifurcation diagram for the repellor-node (saddle-node) bifurcation. The solid
line indicates the x value for the node as a function of the parameter value. The dashed line is
for the repellor. Note that there is no fixed point at all for ¢z < 0.
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Fig. 3.14. The bifurcation diagram for the repellor-node (saddle-node) bifurcation. The solid
line indicates the x value for the node as a function of the parameter value. The dashed line is
for the repellor. Note that there is no fixed point at all for i < 0.
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trajectories have been lifted to a two-dimensional state space as described in the text. For u>
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